Imbalance-induced vibration of rotating machineries is an important factor limiting the performance and fatigue life of a rotor system. Particularly, the severe resonant vibration of a rotor when it passes through its critical speeds could damage the rotor system. To avoid this peak vibration, this paper presents an active balancing method to offset the imbalance of the rotor system during acceleration by using an electromagnetic balancer. In this method, "instantaneous" influence coefficients at different speeds are obtained and stored in a look-up table. Then, a gain scheduling strategy is adopted to suppress the imbalance-induced vibration during acceleration based on the "instantaneous" influence coefficient table. A comprehensive testbed is built to validate this scheme, and the validation results are presented.
Introduction
Rotating machinery is commonly used in industries. Imbalance-induced vibration is an important factor limiting the performance and fatigue life of the rotating system. Many balancing procedures have been developed to suppress this imbalance-induced vibration. Among all these methods, offline balancing methods [8] are widely adopted in practice. However, off-line balancing methods cannot be used if the distribution of imbalance changes during operation. In order to overcome this limitation, some researchers [3, 4, 6, 7, 10] tried to actively balance the rotating systems during operation using mass redistribution devices. All these methods require that the rotating speed of the rotor is constant. In some other cases, the balancing needs to be completed during speed-varying transient time in order to save time and get better performance. For example, in high-speed machining, the machining tool will be engaged in cutting as soon as the spindle reaches steady state speed. If an active balancing scheme is used on this machine, the balancing has to be done during the acceleration period to avoid increasing the cutting cycle time. Furthermore, the maximum vibration of a rotor usually occurs when it passes through its critical speeds. To avoid this hostile peak vibration, balancing during acceleration is needed.
Some technical challenges are associated with active balancing during acceleration. First, in the constant rotating speed case the imbalance-induced vibration only contains a single frequency (the rotating speed). Hence, a simple rotor model [2] can be used to develop the active balancing algorithm. However, in the acceleration case the overall dynamics of the rotor are excited. It can be shown that under certain conditions, the speed-varying transient response of a rotor system is quite different from the constant speed response [9, 11] . A more comprehensive rotor model needs to be developed to depict the rotor system. Second, it is well known that the responses of rotor systems to imbalance are different at different rotating speeds. To successfully balance the rotor during speed transient period, we need a quick response actuator to catch up with the rotating speed change.
In this paper, an active balancing scheme that can balance the rotor-bearing system during acceleration period is presented. The actuator used in this research is a new type of mass redistribution device [1] . The mass redistribution of this balancer can be finished in fractions of a second. To describe the overall dynamics of the rotor system during acceleration period, influence coefficients at different speeds are obtained and stored in a look-up table. Then, a gain scheduling strategy is used to suppress the imbalance-induced vibration during acceleration based on the influence coefficient table.
This paper consists of four sections. In Section 2, an algorithms used in active balancing scheme is introduced. In Section 3, the experimental validation procedure and the results are presented.
Finally, conclusions are presented in Section 4.
The Active Balancing Algorithm
The influence coefficient method is a powerful off-line balancing method. The general formulation of the influence coefficient method is
In Eq. (1), v, also called residue vibration, is an m by 1 complex vector representing the rotor synchronous vibration (both magnitude and phase) measured at m locations. Synchronous vibration is the vibration with the frequency of the rotor rotating speed. v 0 , also an m by 1 complex vector, represents the rotor synchronous vibration at the m sensor locations caused by the system inherent imbalance. w is a n by 1 complex vector representing the imbalances (both magnitude and location)
provided by balancers at n locations. C is an m by n complex matrix whose elements are the influence coefficients relating the imbalances provided by balancers and the rotor synchronous vibration response. The influence coefficient is a function of the sensor/balancer position and the rotating speed. The assumptions behind Eq. (1) are that the rotor synchronous response is proportional to the imbalance and that the effect of individual imbalances can be superimposed to
give the effect of a set of imbalances. These two assumptions have been generally accepted if the imbalances, and hence the imbalance-induced vibration, are not very large.
To minimize the residue vibration v, we have the control law
w is the least squares solution of v 0 + Cw = 0. In the control law Eq. (2), the influence coefficient matrix is obtained through experimental trial runs. Ideally, this control law only needs one movement if the pre-estimated influence coefficients are perfect and the vibration measurement is accurate. In practice, however, we need several control iterations to minimize the imbalance-induced vibration. For the kth iteration, we have
Considering Eqs. (2) and (3) yields
This control law only works at constant rotating speed because the influence coefficients change with the rotating speed.
For the acceleration case, "instantaneous" influence coefficients can be used to extend this control law. It is known that the imbalance response of a rotor system without gyroscopic effects consists of three parts: a small transient vibration due to sudden acceleration, the synchronous vibration with the frequency of instantaneous rotating speed, and a suddenly occurring transient vibration [9] . A brief review of these components is included in the Appendix. If we neglect the nonsynchronous transient vibration, the synchronous response for a general rotor system during acceleration can be obtained based on Eq. (22) in [9] (Also Eq. A-8 in the Appendix)
where v(t) is a complex number that represents the overall synchronous vibration of rotor. It consists of two terms: (1) v 0 (t) is the synchronous vibration caused only by the system inherent imbalance, and (2) the synchronous vibration caused by the balancer, where N is the number of significant vibration modes, w is the imbalance provided by the balancer in the balancer's coordinate system, w ⋅ u k is a complex number that represents the imbalance provided by the balancer in the kth mode.
α is the rotor acceleration. M sk and ρ k are defined as the magnitude and phase of the synchronous vibration in the kth mode when the imbalance provided by the balancer is one unit, respectively.
Please note M sk and ρ k are only related with the dynamic parameters of the rotor system, not with the
then we have
The "instantaneous" influence coefficient at different speeds can be obtained by only two acceleration trial runs. First, the rotor system can be accelerated from 0 rpm to working speed with the imbalance provided by the balancer as w 1 . The vibration signal during the acceleration is recorded as v 1 (t). Then, we can change the balancer's position and let it provide imbalance as w 2 .
The system can be accelerated again and the vibration signal is recorded as v 2 (t). Finally, the "instantaneous" influence coefficient at the interested speed (or time) can be obtained by
Based on the concept of the "instantaneous" influence coefficient, the influence coefficient balancing method can be extended to speed varying case. A diagram of this extension is shown in 
and the superscript i, j is the matrix element index. The rationale for the element-wise interpolation of the influence coefficient matrix is that the (i, j)th element of C is roughly the magnitude and phase of the transfer function between the jth imbalance and the response at the ith sensor position evaluated at the given rotational speed. For a mechanical system, the transfer function should be smooth and, if the speed interval between Ω k+1 and Ω k is small, the linear interpolation is a good approximation.
The control law used in Fig. 1 is related to the control law used by Knospe, et al [5] . In their imbalance control scheme, the actuator is the magnetic bearing. Because the imbalance produces a rotating centrifugal force, a synchronous rotating force can be generated at the magnetic bearings to offset the centrifugal force. The magnitude and phase of the controlled synchronous force is decided based on the influence coefficient model of the rotor. Therefore, their control law is also an extension of the influence coefficient balancing method.
To successfully implement this active balancing scheme, two problems need to be addressed.
First is the stability issue caused by the delay in the movement of the balancer. Assume we pick up an influence coefficient at step k, and the time of finishing the control iteration is at time step k+1.
The difference between these two time steps is the delay caused by the algorithm and the balancer movement. Since the control law is implemented based on C k , the calculated imbalance at k+1 should be 1 1 ( )
Therefore, the vibration at k+1 is
If the balancer is initially set as zero and the errors in the estimation of "instantaneous" influence coefficient are neglected, it is straightforward to show that
To ensure efficient imbalance reduction, we need 1 0 k + < v v , which means a sufficient condition for stability is
where ) (⋅ σ denotes the maximum singular value. The intuitive understanding can be obtained by considering the simplest one dimension case. In that case, the criterion tells that if the signs of 1 k + C and C k keep the same, the active balancing scheme will be effective. In this analysis, the uncertainty in the influence coefficient estimation is not considered. In practice, multiple trial runs and averaging can ensure the accuracy of the estimation. In most cases, we can neglect the difference between the true influence coefficients and the values in the look-up table.
The second problem needs to be addressed is the effect of the system damping. A very small system damping (the damping coefficient is less than 0.05 in our experience) could cause two problems in the active balancing: (i) significant non-synchronous transient vibration will happen during acceleration period under small damping condition. The transient vibration will cause significant difficulties in the calculation of the synchronous vibration component, particularly when its frequency is close to the synchronous frequency. However, the synchronous vibration calculation is critical in both the influence coefficient estimation and the real-time implementation of the control law. Significant transient vibration will degrade the performance of influence coefficient method. (ii) the movement of the balancer could cause an undesired transient vibration under small damping condition. To deal with this problem, the balancing action should be avoided when the rotating speed is close to the critical speeds. The balancing region can be decided through experiments based on the engineering requirement on the tolerable transient vibration.
In general, small damping has a detrimental impact on the performance of the proposed active balancing method. Fortunately, for many machining tools, particularly for the belt-driven machining tools, the system damping is not small ( ζ >0.05). The impact of the transient vibration can be ignored. Based on this active balancing scheme, a hardware setup is built and experimental validation is conducted.
Experimental Validation

Introduction of the electromagnetic balancer
The electromagnetic balancer used in this research is developed by BalaDyne Corporation. The working principle of this mass-redistribution balancer is shown in Fig. 2 .
The balancer consists of two rings as shown in Fig. 2 (a) . These two rings are not balanced and can be viewed as two heavy spots as shown in Fig. 2 (b) . After mounted on the spindle or toolholder, the balancer can rotate with the rotor. These two rings are held in place by permanent magnetic forces. When the balancer is activated, an electric current passes through the coil as shown in Fig. 2 (c), the rings can be moved with respect to the spindle by the electromagnetic force. There are two individual coils in one package. Hence, the two rings can be moved individually. The combination of these two heavy spots is equivalent to a single heavy spot as shown in Fig. 2 (b) . Moreover, two magnetic hall sensors are mounted on the two coils. Using these two sensors, we can detect the relative locations of these two rings with respect to the reference position. In this way, we can have feedbacks of the locations of the heavy spots. signal is an analog signal. It is sampled and converted into digital signal by an analog-to-digital converter. One point needs to be noticed is that the sampling of the vibration signal is triggered by the encoder signal. Therefore, the vibration signal is sampled at even spindle angle increments, instead of even time increments. The advantage of this sampling strategy is that the synchronous vibration can be easily estimated from this angle-based sampling signal. These signals are illustrated in Fig. 4 
Experimental Validation Results
To implement the active balancing scheme, an influence coefficient table needs to be obtained by The influence coefficients depict the transfer function of the rotor system from the excitation at the balancer position to the vibration at the sensor position. Clearly, the system can be viewed as a 2 nd order dynamic system when the rotating speed is below 11000 rpm. The resonant peak of the system occurs between 7500~8500 rpm.
The comparison between the system vibration with and without active balancing is shown in Figure 6 . Figure 6 
where C 1 and C 2 carry the magnitude information and σ and σ' carry the phase information of the imbalance. For a second order system, the response to an arbitrary forcing function is 
. To evaluate this integration expression, a variable substitution is applied, Based on the Cauchy residue theorem, the whole vibration can be written in three parts.
1. Transient response due to the initial condition of the rotor A useful observation of this analytical solution is that if only x s and x n are considered, the transient response for a rotor system can be written as v is a complex number that represents the vibration of rotor. N is the number of significant vibration modes. w k is a complex number that represents the system imbalance in the kth mode. ω dk is the damped natural frequency of the kth mode. M sk , ρ k , M nk and γ k are defined as the magnitudes and phases of the synchronous vibration and the suddenly occurring vibration in the kth mode when the imbalance is 1 unit, respectively.
